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Abstract

In this paper the problem of synchronization between two chaotic gyros with stochastic base excitation, based on the
mater—slave scheme, is studied. The stochastic excitation is modeled by applying a Gaussian white noise to the
deterministic model of gyro. The white noise is derived from the Wiener process, so the resulted system is a stochastic
differential equation and is modeled by an Ito differential form. Using a modified sliding mode control a Markov
synchronizing control law is designed and the convergence of error states to the sliding surface in the mean square norm is
analytically proved. Simulation results show the high performance of the proposed controller in stochastic chaos
synchronization of gyro systems.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

In the last few years, synchronization in chaotic dynamical systems has received a great deal of interest
among scientists from various fields [1,2]. The results of chaos synchronization are utilized in biology,
chemistry, secret communication and cryptography, nonlinear oscillation synchronization and some other
nonlinear fields. The first idea of synchronizing two identical chaotic systems with different initial conditions
was introduced by Pecora and Carroll [3], and the method was realized in electronic circuits. The methods for
synchronization of the chaotic systems have been widely studied in recent years, and many different methods
have been applied theoretically and experimentally to synchronize chaotic systems [4], such as adaptive control
[5,6], backstepping [7] and sliding mode control [8].

One of the most attractive dynamic systems is the gyroscope. Gyroscopes have great utility in many
scientific and engineering areas, such as optics, aeronautics and navigation. A simple satellite is indeed a
symmetric gyro and is used for communication. It has been proved that in special situations a gyro may show
chaotic dynamics. The chaotic behavior of gyros was introduced originally in Ref. [9]. In Refs. [10,11], the
nonlinear dynamics of a symmetric heavy gyroscope mounted on a vibrating platform was studied. In these
works a linear damping coefficient was assumed for the gyro system. In Refs. [12,13], it was shown that under
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base harmonic excitation and a nonlinear damping force, the gyro system shows chaotic behavior. Recently,
synchronization of chaotic gyros has been widely investigated by many researchers. Synchronization of two
gyros is usually used in areas of secure communications [14], attitude control of long-duration spacecraft [15],
and signal processing in optical gyros. Synchronization of two similar chaotic gyro models of Ref. [12] via
active control was studied in Ref. [16]. In Ref. [17] the synchronization problem based on the adaptive sliding
mode control method between the two chaotic gyro models of Ref. [12] was investigated. In that work the
authors assume that the slave system is perturbed by a bounded uncertain signal, and the system parameters
are not known.

All of the mentioned works have modeled the parameters and excitations of chaotic gyro systems in the
deterministic form, but in the real world, due to random uncertainties such as stochastic forces or excitations
and noisy measurements caused by environmental uncertainties, a stochastic chaotic behavior is produced
instead of a deterministic one. In this case the deterministic differential equation of the system must be
substituted by a stochastic differential equation. There are a few works in the field of stochastic chaos and its
control or synchronization [18-20]. In this paper the problem of chaos synchronization in chaotic gyro systems
is investigated. The dynamics under investigation are for a symmetrical gyro with nonlinear damping, which is
subjected to a harmonic excitation [12,13] with a random perturbation produced by white Gaussian noise. It is
also assumed that the parameters of the gyro model have some uncertainties, i.e. the exact values of the
parameters are not known, while the nominal values are known. The white Gaussian noise is modeled through
a standard Wiener process, so the deterministic chaotic response of the system is substituted by a stochastic
chaotic one, which is modeled by an Ito differential form [21]. It must be noted that the bounded external
disturbance, which was considered in Ref. [17] or [19], does not generate the standard stochastic differential
equation [22], while in this paper a stochastic differential equation is produced in the standard form [21]. For
modeling a stochastic chaotic system, similar to other standard stochastic differential equations, a white
Gaussian noise generated by derivations of a Wiener process must be applied to a deterministic system [18].

In this paper after introducing the synchronization objective, the problem of stochastic chaos
synchronization in a general class of uncertain systems, i.e. affine systems with uncertain parameters in
their models, is investigated and the sliding mode technique is modified for this purpose. The sliding mode
method has a well-known property of robustness against uncertainties [23]. In this paper, considering this
property the conventional sliding mode method is modified and applied for synchronizing the chaotic
dynamics of the gyro models presented in Ref. [12] with uncertain parameters and stochastic base excitations.
Simulation results of applying the modified sliding mode control to the gyros dynamics show the effectiveness
of the method.

2. Nonlinear gyro dynamics

The equation governing the motion of a symmetric gyro mounted on a vibrating base in terms of the
nutation angle 0, i.e. the angle which the spin axis of the gyro makes with the vertical axis, is given by [12]

2
é+az%—ﬁsin9+clé+q€3 = f sin wt sin 0, (1)
where f'sin wt is a parametric excitation that models the base excitation, 10 and 6293 are linear and nonlinear
damping, respectively, and o((1 — cos 0)* /sin3 0) — p sin 0 is like a nonlinear resilience force; note that by
linearizing it around € = 0 a form of K6, which is similar to a spring force, is obtained. According to Ref. [12],
in a symmetric gyro mounted on a vibrating base, the precession and the spin angles have cyclic motions and
hence their momentum integrals are constant and equal to each other. So the governing equations of motion
depend only on the nutation angle. Using Routh’s procedure and assuming a linear-plus-cubic form for
dissipative force, Eq. (1) is obtained [12]. Under certain conditions the above model of the gyro shows a chaotic
response [12,13]. Defining x; = 0, x, = 0 and g(x) = —a2((1 — cos x)z/sin3 x), system (1) is rewritten as

X1 = X2,

X =g¢g(x1)—c1xp — czx% + f sin(x;) + f sin wf sin Xx;. 2)
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In Ref. [16] the synchronization of two chaotic gyros is investigated by applying two control actions to each
of the above two equations. In that work, it is assumed that both the master and the slave systems are identical,
and the initial conditions are not the same. In addition the system parameters are known without uncertainty.
In this work, it is assumed that the system parameters have some uncertainties, and their unknown values in the
master and the slave systems are not the same. Besides, it is supposed that the base excitation is perturbed by a
stochastic signal, which models the conditions of real-world applications of the problem. The main objective is
to synchronize two chaotic gyros under the mentioned situations. It must be noted that due to white noise
application the dynamical systems under study are indeed stochastic chaotic systems. To model noise signal, a
standard Wiener process is utilized.

In the next three sections, a general method for synchronizing such systems is introduced.

3. Stochastic chaos synchronization with uncertain parameters

A stochastic chaotic system with the following equation is considered as the drive or master system:
X = f(x, 0) + hx, 1), (3)

where X = (x, X,...,x" D) = (x|, x2,...,x,) e R" is the state vector, the superscripts (n—1) and (n) depict the
derivative of order n—1 and n, respectively, fR"x R™ >R and R x K™ >R are two nonlinear and
sufficiently smooth functions, x™ = d"x/d7", v is a standard Wiener process and & = dv/dr. It is assumed that
the system x" = f(x, f) is itself a chaotic system.

The response or slave system that must be controlled for synchronization is given by

Y = g(y, t) + k(y, O + by, u, 4)

where y = (1,7, ...,y ) = (3, 5, ...,¥,) e R" is the state vector, the superscripts (n—1), (n), etc. depict the
derivative of order n—1, n, etc. respectively. ue R is the control variable of the system, w is a standard white
noise independent of v, g,k,b: R" x K" — N are sufficiently smooth functions, and y™ = g(y, 7) shows chaotic
behavior. It is assumed that f, g and b are unknown functions whose nominal known values are denoted by

f ,g and b. 1,9, b, f ,g and b satisfy the following conditions:

f(X, l) —f(X, l)‘ <F(Xa Z)a |q(ya t) - @(Yn t)| < G(ya l)a (5)

0<bu(y, ) <b(y, 1), b(y, ) <bu(y, 1) (6)

where F, G, b,, and b,, are known functions. The above conditions play an important role in deriving the
sliding mode control [23]. Although due to parameter uncertainties the exact values of the functions are not
known, some upper bounds of uncertainties are necessary. It is also assumed that all the state variables of the
master and slave systems are available for control design. Besides, the functions /A(x,7) and k(y,¢) are bounded
with known bounds M}, and My, i.e. |h(x,t)| < M), and |k(y,?)| < M. The synchronization problem is to design a
controller u#, which synchronizes the states of both the master and slave systems in such a way that the slave
trajectories follow the master trajectories. In deterministic systems, the usual synchronization objective is
declared as

[x=y|, >0 as t— oo, (7)

where I - lI, is the Euclidian norm. But it must be noticed that if the above condition is completely satisfied,
i.e. x(#)—y(#)=0, comparing Eqgs. (3) and (4) gives

X — Y = £(x, 1) — g(y, 1) + h(x, £)p — k(y, )W — b(y, H)u = 0. (3)
So,
J(x, 1) —g(y, 1) + h(x, )0 — k(y, )w — b(y, )Hu = 0
= u=b"'(y, DI/ (%, 1) = g(y, 1) + h(x, 5 — k(y, )W]. )
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This implies that u directly depends on the white Gaussian noises and so it is not a Markov control, i.e. an

accessible signal, so the objective of Eq. (7) cannot be achieved in our problem. Therefore, the synchronization
goal must be modified as it is described in the next section.

4. Synchronizing control design

Defining the error vector e = y—x and subtracting Eq. (3) from Eq. (4) one gets the error dynamics as

" = g(y, 1) = f(%, 1) + bly, D + k(y, )W — h(x, 1)0. (10)
Eq. (10) is a stochastic differential equation, which is expressed in the following differential form:
de™V = [g(y.1) = f(x. 1) + bly. D) di + k(y. 1y dw — h(x. 1) do. (1

The above equation is indeed an Ito stochastic differential form. Due to some technicalities in the definition
of Wiener process, the differential form of Eq. (11) is usually used instead of Eq. (10). Here some important
remarks that are frequently used in studying the stochastic systems are reviewed.

Remark 1. For manipulating stochastic Equation (11) and controller design, the convergence in the L* norm,
i.e. the mean square norm, must be considered instead of the Euclidian norm. The mean square norm is
defined as

lel = (Efe"e])", (12)

where E[.] is the expected value function.

Remark 2. Regarding the definition of the Wiener process and independency of w and v [21], we have
Elkdw] = E[hdv] = E[kdwhdv] =0, 3
E[hdv)* = [h(x, )] dt,  E[kdw]* = [k(y, )]* dz. (13)
Again EJ[.] is the expected value or mean value function. The above equations are indeed the main properties
on which the Wiener process is based [21]. The equations in the first line of Eq. (13) are obtained according to
the facts that the Wiener process generates a zero-mean noise, and w and ¢ are two independent processes, i.e.

their correlation is zero. The equations in the second line are based on the variance property of the Wiener
process, which is linearly dependent on time. Eqs. (13) in the integral form are written as

E{/I2 kdw(s)] = E[/t2 hdv(s)} =0,
t 2 ) t 2 5]
E {/ h(x(s), s) dv] =F [/ 1 (x(s), 5) ds}, E [/ k(y(s), s) dw] =F [/ K2 (y(s), 5) ds} . (14)

The last two relations are called the Ito isometry.

Remark 3. Assuming that z = z(x,?) is a twice-differentiable scalar function, we have [21]

n 2
l 76 z dx[d)c_/, (15)

oz “ Oz
d=Cdi+y =
=5 it et 2+ axdx,

where Xx; is the ith element of vector x, and x is obtained from Eq. (3). In expanding the above equation note
that [21]
dtdt =0, dtdv=0, dvdv=dr. (16)

Besides, since v and w are independent we have dvdw = 0.

Now we are ready to start the control design procedure.
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5. Sliding mode control modification

Due to uncertainties on the system parameters, we use the sliding mode concept to design the synchronizing
control. To this end, a sliding surface must be defined in the form of

n—1 n—1 -1 —1 _ |
S(1) = <%+/1> o(t) = Z(; )e(”_l_m))f", (”m ) :ﬁ (17)

m=0
where A>0 is a positive constant, therefore S(7) = 0 gives an exponentially stable dynamics for e(z). S =0
makes a surface in the phase space. It is called the sliding surface because if the error trajectory e(z) lies on the
sliding surface, it slides and converges to zero [23]. The goal of sliding mode control is to design u such that the
error states converge to the exponentially stable structure of S(¢) = 0. To this end a Lyapunov function is

defined as

V(t) = SE[S(). (18)

The differential form of V is obtained as
dV (1) = LE[d(S*(0))]. (19)

Note that S(¢) is a stochastic process whose differential form is

n=1l fp—1
ds(r) = Z <m >e<"—m>(z) dei”

m=0

n—1

n—1
=> ( ) ") dii" + de . (20a)
m

m=1
Now substituting Eq. (11) into Eq. (20a) the following differential form is obtained:

n—1

ds() = Z (:1_ : )e<"-‘—m>(r)/1m + [g(y, 1) — f(x, 1) + b(y, Hu] dt + k(y, 1) dw — h(x, 1) dv. (20b)

m=1
Using the property of Eq. (15) we have
d(S*(1)) = 2S(1)dS(2) + dS(2) dS(2). 1)
Substituting Eq. (20) into Eq. (21) and using Eq. (13), the differential form dV is obtained as

n—1 —1
dV(r) = E|S(®) (Z (n )A"lm)(z)z"’ + g(y, 1) — f(x, 1) + b(y, z)u> de| + lE[kz(y, 0] dt
m=1 \"M 2
1 2
+ EE [h*(x, 1)]dz. (22)
So,
n—1 _
vV =E|S>) (Z <”m : >e<"1'“>(z)/1"’ + gy, t) — f(x, 1) + b(y, t)u) + %E[kz(y, n] + %E[hz(x, n]. (23)
m=1

Now let the control action be

I
T by, 0)

where >0 is a positive constant and K must satisfy the following condition:

bu n=lrp—1 B
K>{G(y,z)+F(x,z)+<b——1>< Z(m )e(n m) 3

m=1

n—1 _
[ﬁ(y, H-fxn+> (:1 : )ewmm + K sign(S(2)) + es(z)] , (24)
m=1

)

a0 = fox | +
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Substituting Eq. (24) into Eq. (23), considering the condition of Eq. (25) and manipulating some calculations yield
V(t)< — 0E[S*(0)] + IE[K*(y, ) + I (x, 1)]. (26)

Regarding the upper bounds of k(y, #) and A(x, f), i.e. M) and M, from Eq. (26) it is concluded that the following
region of the error phase space is an attracting set for e():

2 2
Q= {e E[S?]< MkJHFMh} 27)
where e = (¢, ¢,...,e" V). It means that
M? + M?
E[$(0)] < 50 as 1 o0, (28)

To show the attraction property of Q, i.e. Eq. (28), two steps must be accomplished. At first it must be proved
that when the error trajectories are outside the Q set, they converge to it. Then it must be proved that when the error
trajectories are inside the Q set, they cannot escape from it. To this end, assume that at time ¢, S(¢) is outside the Q
set, then it is concluded that

M; + M,
—
Now considering Eq. (26) it is obtained that, in this case V(t)<0, so when e(f) is outside the Q set, V is a
descending function. Since V(f) = %E [S%(7)] and V(1)<0, E[S*(1)] decreases until e(7) enters the Q set finally.
On the other hand if at time ¢, S(7) is inside the Q2 set, it cannot exit the Q set, because if S(#) wants to exit Q
then it must pass the following region in the phase space:
M; + M;, M; + M;
20 0
and considering Eq. (26) and regarding this matter that M) and M, are some upper bounds for k(y,7) and
h(x, t), it is obtained that in the region indicated by Eq. (30), V' (¢) <0 and hence V(¢) descends and e(¢) cannot
escape from the Q set. Therefore, Q2 is an attracting set for S(¢), and the correctness of Eq. (28) is proved. This

property of the control action (24), i.e. the attraction of , is used in the next section to show the
synchronization property of the controller.

E[S*(n)] = (29)

<E[S*(n)]< (30)

6. Synchronization property of the controller

Using the definition of S(¢) and Eq. (28), it can be written as

n—1

NOEDY ("m_ : ) e () = §(0). (31)

m=0

From the previous section it is clear that for sufficiently large ¢, we have

E[5(n)] < M (32)
Note that 6(¢) is a continuous disturbance and is not a white noise. Now let
[ 0 1 0o - 0 T }
0 e()
0 0 1 0 &)
A= : | A I NG N B €5
0 0 e 0 1 0 -2(7)
_/«Ln1<n_1> _/”Ln2<n_l) _)L<n_l) 1 6(”_1)(1‘)
n—1 n—2 1 L s
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Using the above definitions, Eq. (31) can be rewritten as
1(¢) = An(?) + Bi(2). (34)

Since A is a Hurwitz matrix, i.e. all of its eigenvalues have negative real parts, the following Lyapunov
equation has a symmetric positive definite answer, P:

PA+A'P = -1, (35)
where I is the identity matrix. Now define a Lyapunov function as
V(1) = 3E " (1)Pn(1)] (36)
and regarding the continuity of #(¢), consider the derivative of V along n(7):
V() = E[i' (0Py(1) + 1" (1) Pi(1))]
= E[(n" (AT + ()BT Py(1) + 0" ()P(An(1) + BO(1))]
= — E[n"(On(1)] + 2E[(B"Py(1))5(1)]. (37)

Az{,,

The above set is an attracting set for (r), since using the Cauchy—Schwarz inequality we have

|E[BTPy(ns(0)] | <|BTPy([[|o(o]

Define

2 2\ 172
o <2u'e) (524 o

M2+ M2\
<8 o () )
If y(?) is out of the A set, we have
M2+M2 1/2 M2+M2 1/2
oo =27 (ME5EE) o+ e () <o
= — E[n"(0n(0)] + E[B"Py(1)5(1)] = V(1)<O0. (40)

Thus, 5(¢) must be attracted by 4. Inside the 4 set, 5(¢) cannot exit 4, because in this case #(f) must pass the
region defined by

2 2\ 1/2 2 2\ 1/2
Il (M) <o <2 ey (M) @)

and in this region, V(7)<O0.
Therefore 4 is an attracting set, and for large enough ¢, 5(¢) satisfies the relation below:

2y M3+ M3
E[n" ()] <4|B™P|| % (42)
In addition from Eq. (31) it is obtained that
(1) o n-1\ (n—1—m)
e y=-Y" . e (0) + (b). (43)
m=1

The above equation yields

n—1

—1
He(n—l)([)H < Z(:’n >/~LmHe(nlm)([)H 4 Hé(t)H (44)

m=1
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So,
X n—1 n—1 . M2+M2 1/2
e 0| < Z<m )i’”HB P+ 1 (ﬁ) . (43)
m=1

Egs. (42) and (44) show that the mean square norm of the tracking error can be smaller than any positive
number if 6 is chosen to be sufficiently large.

7. Stochastic chaos synchronization in two chaotic gyros
In this section, the proposed synchronization algorithm is applied to the problem of gyro synchroni-

zation mentioned in Section 2. The dynamic equations of the master and slave systems are given,
respectively, by

1 — cos x)° . . .
= —a2¥ — 1% — ¢3%° 4 f sin x + (f sin o 4 o) sin x, (46)
sin” x
.. , (I —cos y)2 . 3 . . o
y=-u T 1y — Cag)” + By sin y 4 (f sin ot + ppv)sin y + (1 + |yu, (47)
(a)
1
0.5 j
i)
g o
x
-0.5
-1 ! ! !
4000 4050 4100 4150 4200
time (sec)
(c) (b)
1.5
1
—_ - 05
G 3
g £ o
< < 05
-1
15 : - -
-1 -0.5 0 0.5 1 -0.4 -0.2 0 0.2 0.4
X4 (rad) Xy (rad)

Fig. 1. (a) Time series of x;(¢) strange attractors: (b) on the Poincare map and (c) in the phase space.
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where © and W are two independent white Gaussian noises, y and p, are two real constants and u is the control
action. According to Egs. (3) and (4) the functions f{.), g(.), A(.), k(.) and b(.) are

1— 2 . . .
fx,0)= — azﬂ — X — X7 4 f sin x +f sin ot sin x,
sin” x
h(x,t) = pu sin x,
1 — cos y)° : . . : .
gy, ) = — ocf% —C1s) — o) + ps sin y+ £ sin wt sin y,
sin’ y

k(y,t) = p, sin y,
by, ) =1+ ||, (48)

where x = (X1 X2)=(x X)andy= (V1 Y2)=(»V ¥). Fora’=100, =1, ¢; =0.5, ¢, =0.05 o =2,
=355, ocf =94, =12, ¢;y,=0.45, ¢5,=0.04, f; =34, u=0 and p = py, =0, the master and the slave
systems show chaotic responses. Fig. 1 shows the chaotic behavior of the master system in the phase space and
the Poincare map of t = 2nn/w, n = 1,2,....

Due to system uncertainties the nominal values of parameters that are assumed to be known are denoted by

8°=110, f=14, ¢, =07, &, =006, f =37, & =90, f, =08, &,=034, ¢z =0.046 and f, = 33.

—~
o
~
—~
Q
~

0 2
» =
3 05 3 1.5
o <
= -
N )
o A 5 1
o S
- g
o -1 0.5
g o €
-2 0 n
0 50 100 150 200 0 50 100 150 200
time (sec) time (sec)
Fig. 2. Mean values of synchronization errors: (a) E(e;) and (b) E(ey).
(b) (a)
2.5 2
2
0 1.5
(]
2 H
£ 15 <
& g1
5 S
3 % os
® 05 '
0 - . . 0 - - -
0 50 100 150 200 0 50 100 150 200

time (sec) time (sec)

Fig. 3. Mean square norms (standard deviations) of synchronization errors: (a) [E(e%)]l/ 2 and (b) [E(e%)]l/ 2,
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Thus the nominal functions f (),90), 1;(.) are obtained as

.o (1 —cos x)?
A S

f(x,t): — —81>‘c—62x3+[?sinx+fsincotsinx,
sin” x
. a(l—cosyy’ . . e , .
iy, 1) = — af% — 815p — Co)® + P, sin y + £ sin wt sin y,
sin” y
by, 1) = 1+0.5]y|. (49)

So the bound functions F(.), G(.), b,,(.) and b,,.) may be chosen as

1 _ 2
F(x, 1) = 2Oﬂ+ 0.50%] + 0.1|5| + 7Jsin xI,
|sin” x|

_ 2
Gy, 1) = 20%%.5@\ +0.1[7] +7|sin y

E)

bu(y, 1) = 0.5+ 0.5y, bu(y, ) =2+ |yl (50)

Also the parameters p and p, are set to 1 and in Egs. (17) and (24), we set 6 =4 and A = 1. Simulation
results of applying the proposed control law are shown in Figs. 2 and 3. It is seen that the synchronization
objective is achieved such that the mean values of tracking errors converge to zero (Fig. 2) and the mean
square norms of errors (standard deviations, std) converge to a narrow vicinity of zero (Fig. 3).

Synchronization error time series and time series of the master and slave states are shown in Figs. 4 and 5.
As it is observed, although the states of the slave system converge to the states of the master system, they
deviate randomly around the target in a way that the statements of Eqgs. (42) and (45) are satisfied.

eq(t) (rad)

e,(t) (rad/s)

-5 1 1 1 1
0 10 20 30 40 50
time (sec)

Fig. 4. Time series of synchronization errors: (a) e;(¢) and (b) ex(?).
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x4(1), y4(f) (rad)

—~
O
-

x5(8), yo(t) (rad/s)

time (sec)

—
o
-

x4(1), y4(f) (rad)

—~
[}
-~

X5(t), y(t) (rad/s)

4 1 1 1 1
55 55.2 55.4 55.6 55.8 56

time (sec)

Fig. 5. Time series of the master states (continuous lines) and the slave states (discrete lines): (a) x;(z) and y(?), (b) x»(¢) and y,(?),
(c) zoomed figure of (a), and (d) zoomed figure of (b).

8. Conclusions

In this paper synchronization of two stochastic chaotic gyros, which have different parameters, has been
investigated. The stochastic chaos has been modeled through to the Ito differential form by adding white
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Gaussian noises to the excitation signals. Using the concept of sliding mode control, a synchronizing
controller has been designed to make the error trajectories converge in the mean square to the sliding surface.
It has been shown that all of the state variables of the response system converge to the states of the drive
system such that the tracking error variance finally falls into an arbitrarily small neighborhood of zero.
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